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Abstract. We show that the L p boundedness, p > 2, of the Riesz 
transform on a complete non-compact Riemannian manifold with upper 

' and lower Gaussian heat kernel estimates is equivalent to a certain form 

of Sobolev inequality. We also characterize in such terms the heat kernel 

' gradient upper estimate on manifolds with polynomial growth. 

o ' 

{Sj ' In memoriam Nick Dungey and Andrzej Hulanicki. 
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1. Introduction 

The present paper may be considered as a companion paper to [2] , which 
r* ■ gave criteria for the LP boundedness, for p > 2, of the Riesz transform on 
k> ' non-compact Riemannian manifolds. Here we reformulate these criteria in 
$_i ■ terms of certain Sobolev inequalities. That is, we deduce some LP to LP 
estimates from suitable LP to LP estimates, for q < p. 

Let M be a complete, connected, non-compact Riemannian manifold. 
The methods of this paper remain valid for other types of spaces endowed 
with a gradient, a metric which is compatible with this gradient, a mea- 
sure, and finally an operator associated with the Dirichlet form constructed 
from the gradient and the measure. An interesting example is a Lie group 
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endowed with a family of left-invariant Hormander vector fields. We leave 
the details of such extensions to the reader. 

Let d be the geodesic distance on M; denote by B(x,r) the open ball 
with respect to d with center x G M and radius r > 0. 

Denote by \i the Riemannian measure, by L p (M,fi), 1 < p < oo, the 
corresponding L p spaces, and let V(x,r) = [i(B(x,r)). 

Let A be the (non-negative) Laplace-Beltrami operator. One could con- 
sider another measure \x with positive smooth non-zero density with respect 
to /i, and the associated operator A^, formally given by 



(A A /,/)= / \Vf\ 2 dji. 



Again, for simplicity, we stick to the standard case. 

Let V be the Riemannian gradient. We can now define formally the Riesz 
transform operator VA -1 / 2 . 

Let p G (l,oo). The boundedness of the Riesz transform on L p (M,fx) 
reads 

(R P ) II |V/| ||p < C p \\A^ 2 f\\ p , V/ G C °°(M), 

and if the reverse inequality (RR P ) also holds, one has 

(Ep) lllwill^HA 1 / 2 /!!,, V/GQM). 

One says that M satisfies the volume doubling property if there exists C 
such that 

(D) V(x, 2r) < CV(x, r), Vr > 0, x G M, 

more precisely if there exist v, C u > such that 

The heat semigroup is the family of operators (exp(— iA)) t>0 acting on 
L 2 (M, /i), it has a positive and smooth kernel pt(x, y) called the heat kernel. 
In the sequel, we shall consider the following standard heat kernel estimates 
for manifolds with doubling : the on-diagonal upper estimate, 

{DUE) p t (x,x) < ° 

V[X, y/t) 
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for some C > 0, all x G M and t > 0, the full Gaussian upper estimate, 
(UE) Pt(x,y)< — — exp -c 



V(X, yft) r \ * 

for some C, c > 0, all x,y £ M and £ > 0, the upper and lower Gaussian 
estimates, 

(TV ^ c ( d 2 (x,y)\ C ( d 2 (x,y) 

(LY) — ^-exp — <Pt{x,y) < — ^rexp 



V{x,Vi) V ct J ~™ ~ V(x,Vi) V Ct 
for some C, c > 0, all x, y e M and £ > 0, and finally the gradient upper 
estimate 

(G) \v x p t {x,y)\< ( 



ViV(y, Vi) 

for all x, y £ M, t > 0. It is known that, under (D) and (DUE), (G) 
self-improves into 

ivy < w ^ c ( d2 ( x ^y) 

\V x p t (x,y)\ < - 1 =— ^-exp 



ViV(y, Vi) * \ Ct 

for all x,y E M, t > 0, see [B] and also [12, Section 4.4]). It will follow 
from Proposition 12.11 below that assumption (DUE) is not needed here. 

Recall that (DUE) plus (D) implies (UE) ([HI Theorem 1.1], see also 
PH Corollary 4.6]), and (UE) plus (G) and (D) implies (LY) ([21]). We 
shall see in Proposition 12.11 below that (G) implies (DUE), therefore (G) 
plus (D) implies (LY). Conversely, (LY) implies (D) (see for instance [24"l 
p.161]). 

The following is one of the two main results of [2] (Theorem 1.4 of that 
paper). 

Theorem 1.1. Let M be a complete non- compact Riemannian manifold 
satisfying (D), (DUE), and (G). Then the equivalence (E p ) holds for 1 < 
p < oo. 

Taking into account Proposition ^. ll below. one can skip condition (DUE), 
and formulate this result in the following simpler way. 



Theorem 1.2. Let M be a complete non- compact Riemannian manifold 
satisfying (D) and (G). Then the equivalence (E p ) holds for 1 < p < oo. 
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Let us now introduce an L p version of (G), namely 

(G P ) |||Ve-* A ||U P <% Vt>0. 

yt 

The other main result of [2] is the following (Theorem 1.3 and Proposi- 
tion 1.10 of that paper). 

Theorem 1.3. Let M be a complete non- compact Riemannian manifold 
satisfying (D) and (LY). Let p £ (2, oo]. The following assertions are 
equivalent: 

(a) (Rp) holds for all p £ (2,p ). 

(b) (G p ) holds for all p £ (2,p ). 

(c) For all p £ (2,p ), there exists C p such that 

\\\VPt(,y)\\\ P < :rr, Vt > 0, y £ M. 

Vi[V(y,Vi)] * 

According to Proposition 13.61 below, we will be able to add another equiv- 
alent condition in the above list, namely 

(d) For all p £ (2,p ), there exists C p such that 

|| |V/| ||; < C p \\f\\ p \\Af\\ p , V/£C-(M). 

The two above results are the cornerstones of the present paper. Our main 
results are Theorems 14. 1L I4~2l and Corollary !4.3l below. In Theorem 14. 11 using 
Theorem II. 3[ we give a necessary and sufficient condition for (R p ) to hold 
for p in an interval above 2 on manifolds with polynomial volume growth 
satisfying (D) and {LY), in terms of an L p — L q Sobolev type inequality with 
a gradient in the left-hand side. In Theorem I4.2[ we give a necessary and 
sufficient condition for (G) on manifolds with polynomial volume growth 
satisfying a mild local condition, in terms of a multiplicative L°° Sobolev 
type inequality, with a gradient in the left-hand side. In Corollary 14.31 we 
deduce from Theorem l4.1l and Theorem 11.11 that this L°° Sobolev inequality 
alone implies (E p ) on manifolds with polynomial growth and the above local 
condition. 

Here is the plan we will follow. In section [21 we prove that (G) implies 
(DUE), together with a similar statement for some related kernels. In sec- 
tion [3], we give a first version of our results for manifolds with doubling and 
a polynomial volume upper bound. In section HI we assume full polynomial 
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growth and obtain more complete results. Finally, in section [5j we give 
applications of our methods to second order elliptic operators in M. n . 

2. Gradient estimates imply heat kernel bounds 
Note that the following result does not require assumption (D). 
Proposition 2.1. (G) implies (DUE). 
Proof. For x G M, t > 0, define 

K = K(x,t) = nX > VI)Pt{x > x) . 

2 

We claim that 

Pt{y,x) > 



V(x, Vi) 

for all y E B(x, ^r-)- Indeed, according to (G) and the mean value theorem, 
for such y, 

Cdi^x) C Ky/t K 

\Pt{y,x) -pt(x,x)\ < —=— 7=- < 



\/iV(x, Vi) ~ ViV{x, Vi) C V(x,Vt)' 
Thus, given the definition of K, 

pAy,x) > p t (x,x) — = 

P Ky 1 ~ m ' ; V{x,Vi) V{x,Vi) 

hence the claim. Now 

1 > / p t (y,x)dfx(y)> / p t (y,x)dn(y) 



> 



Kdn{y) KV{x,^ 



; c 

B( X ,*^±) V(x, Vi) " V(x, Vi) 

If K > C, this means that K < 1. Hence 

K < max (C, 1) , 

and 

2 max (C, 1) , , 
Pt(x,x) < ' / , Vt > 0, x G M. 

V(x, Vt) 



□ 



As we noticed in the introduction, the following is a consequence of Propo- 
sition 12.11 together with known results. 

Corollary 2.2. Assume that M satisfies (G) and (D). Then M satisfies 
(LY). 
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It may be of interest to notice that the assumption in Proposition 12.11 
can be replaced by a gradient estimate of some other kernels. Namely, for 
a > 0, denote by r%(x,y) the (positive) kernel of the operator 

i r+oo 

R a t = (/ + tA)- a = — - / s^ 1 exp(-s(/ + tA)) ds. 
J- W Jo 

Similarly, for < a < 1, denote by p^(x,y) the kernel of the operator 
P t a = exp(— (tA) a ). In the following statement, we assume doubling only 
for simplicity, otherwise one has to include an additional constant in the 
outcome. 

Proposition 2.3. Assume (D). Suppose that q? = r" for some a > or 
Q.t = Pt f or some < a < 1. Next assume that M satisfies the gradient 
upper estimate 

_C 

ViV(y, y/i) 

for all x,y € M, t > 0. Then M satisfies (DUE). 



(G a ) \V x q?(x,y)\< 



Proof. First note that in all cases 

/ qt(x,y)dfi(y) < 1, M x E M. 

J M 

Fix x e M, t > 0. Define 

K = K(x,t) = V{x >^ {x > x) . 
Exactly as in the proof of Proposition 12.11 one shows that 

K < max (C, 1) . 



To finish the proof of Proposition 12. 3[ note that, for a > 0, 

p t (x,x) = ||p t/2 (-,x)|| 2 < C\\r${;x)\\ 2 = Cr? /2 (x,x). 
Indeed, write 

exp(-tA) = exp(-tA)(J + tA) a (I + tA)~ a , 

so that 

p t (-,x) =exp(-tA)(I + tA) a r?(-,x), 

and since by spectral theory the operator exp(— tA)(I + tA) a is uniformly 
bounded on L 2 (M, /x), the claim is proved. 
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Similarly, for < a < 1, writing 

exp(-tA) = exp(-tA)exp(tA) a exp(-(tA) a ), 

one sees that 

Pt(x,x) = |bt/ 2 (-,a;)|| 2 < C\\p a t/2 (-,x)\\ 2 = Ctf\^ (x,x). 



2s~t 

□ 



3. Doubling volume 



Recall that (LY) implies (D). Thus the doubling volume assumption will 
be implicit in the first two statements of this section. 

Theorem 3.1. Let M satisfy (LY). Let v > be such that 

(3.1) V(x,r) < Cr v ,Mr > 0, x G M. 
Let p G (2, oo] . Assume 

(3.2) || |V/| || p < C7 p ||A*(WW/|| ff) V/ G C °°(M), 

for all p G (2,po) and some 1 < q < p. Then (R p ) holds for all p G (2,p Q ). 

Proof. Let p be such that 2 < p < p and q G (l,p) such that f)3.2p holds. 
Taking / = p 2 t(-,y) = exp(— tA)p t (., y), t > 0, y G M, in (I3.2p . one obtains 

\\\Vp 2t (.,y)\\\ p <C p \\A^t L P ) + hxp(-tA)p t (.,y)\\ q , 

hence, by analyticity of the heat semigroup on L q (M,fi), 

|||Vp»(.,2/)||| p < Cr^-^\\p t {.,y)\\ q , Vt > 0, y G M. 

On the other hand, (UE) yields 

\\pt(-,y)\\ q < ° rr , Vt > 0, y g M. 

[v(y.>^] < 



Hence 

, Vt > 0, y G M, 



|||Vp 2t (.,</)||| p < -r r*V(y,Vi) 

[V(y,Vi)] p 1 

and, according to (13. ip . the quantity t~%V(y, y/t) is bounded from above, 
therefore 

(3.3) \\\Vp 2t (.,y)\\\ p < -r, Vt > 0, y G M. 

Vt[V(y,VS)] 1-5 

One concludes by applying [2], namely Theorem 11.31 above. 
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□ 

Remarks: 

-Remember that it follows from [U] that, under the assumptions of Theo- 
rems [3TTJ (Rp) also holds forp £ (1,2]. As a consequence, (RR P ) also holds, 
therefore assumption (13. 2p implies 

IIA^/llp < C p \\A^-l) + ^f\\ q , V/ g CS°(M), 

hence, by making the change of functions A 1 / 2 / — > /, the Sobolev inequality 

||/||„<C7p||A5(W)/|| 9 , V/GC»(4 

It follows that 

V(x,r) > cr u ,\/r > 0, x G M 

(see [6]). Thus, in fact, under the assumptions of Theorem 13.11 the volume 
growth of M has to be polynomial of exponent v (in particular, v has to 
coincide with the topological dimension of M). However, the fact that we 
do not use explicitly polynomial growth in the proof will allow us below 
some true excursions in the doubling volume realm. 
-An equivalent formulation of f)3.2p is 

|| |V/| || P < C p \\A a f\\ q , V/eC^M), 
for all p G (2,po) and some a > 1/2, with q = - — 57 — rr- I n particular, 
a = 1 and q = is a valid choice. See Section [5] below. 
-When p < 00, if one assumes 

(3.4) || |V/| |U < C7||A*(«-«) + V||g, V/ G C °°(M), 

instead of f ]3. 2[) . one still obtains the same conclusion by interpolation. 
-One can also replace (13.21) by the following weaker inequality 

|||V/||| p <C p ||A Q / 2 /Cll/lt e , V/eQM), 
where 0<6»<l,l<gi,g 2 <oo, i <-^- + — <land 



9 1 ~ 6 1\ 1 

= 1/ _ + +1. 

\Qi 92 P/ 
Here also, one can take p = pq. 

In the next statement, we shall relax the volume upper bound assumption 
for small radii. This can be useful in situations where the volume growth is 
polynomial, but with different exponents for small and large radii, say for 
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instance the Heisenberg group endowed with a group invariant Riemannian 
metric. 

We shall say that the local Riesz inequality (R p )i oc holds on M if 
II |V/| \\ P < C p (IIA^/II, + \\f\\ p ) , V/ G C-(M). 

This is the case for instance if M has Ricci curvature bounded from below 

(see 0). 

Theorem 3.2. Lei M satisfy (LY) and (R p )i oc - Let v > be such that 
(3.5) V{x, r) < Cr u ,\fr > 1, x E M. 

Let po G (2, oo]. Assume (I3.2p /or a//p G (2,po) an( ^ some 1 < g < p. T/ien 
(i2p) /ioWs /or a//p G (2,p ). 

Proof. Given ( 13. 5p . the same proof as in Theorem 13.11 yields 

\\\Vp 2t (.,y)\\\ p < -r, V* > 1, y G M. 

Vi[V(y,Vi)] p 

On the other hand, (R p )i oc easily implies, by analyticity of the heat semi- 
group on L p (M,fi), 

\\\Ve- tA \\\ p ^ p <C (X + l 



Vi 



for alH > 0, hence, following [21 p. 944], 



l|Vp 2 t(.,y)|||p < -r, Vt < 1, y G M. 

Vi[V(y,Vi)] > 



One concludes as before. 



□ 



Remark: One way to ensure (I3.5P is to assume (D v ) and 

(3.6) sup V(x, 1) < +oo. 

Let us consider now the limit case p = oo in inequality ( 13. 2p . 

Theorem 3.3. Let M satisfy (D), (DUE), and (J3HD /or some i/ > 0. 
^4sswme 

(3.7) || |V/| |U < C\\f\\l~^\\A a / 2 f\\r , V/ G Cg°(M), 

for some q G [1, oo) and some a > | + 1. T/ien (_E p ) /ioWs for allp G (1, oo) . 
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Proof. Taking again / = p 2t (., y) = exp(-tA)p t (., y), t > 0, y G M, in flHZD, 
and using the fact that (UE) yields 

(3.8) \\Pt(.,y)\\ g < Vt > 0, y G M, 

[V(y,Vt)} 1-5 



one obtains 



(7 , 



ll|Vj*(.,!/)|||oo < r lVl ^v ||A"/ 2 exp(-tA)p t (.,y)il 



hence, by analyticity of the heat semigroup on L q (M,fi) (when q — 1, it 
follows from {UE), see for instance [T4"l Lemma 9], [T3], Theorem 3.4.8, p. 103] 
or [23]), 

|||Vp 2t (.,y)||U < £ 1Ul v+q , t-^^\\ Pt (.,y)\\r 

C 

< ; Tvt ~ 



< 



C 



r^ 2 V(y, Vt) 



, Vt > 0, y G M, 



ViV(y, Vt) 
hence, using ( 13. II) . 

|||Vp2t(.,y)|||oo < FL\r ( Vt > 0, y G M, 

that is, (G). One concludes by applying (2], namely Theorem 11.11 above . 

□ 

Theorem 3.4. Assume that M has Ricci curvature bounded from below. Let 
M satisfy (D), (DUE), (13.51) and (13. 7p for some u > 0, some q G [l,oo) 
and some a > - + 1. Then (E p ) holds for all p G (1, oo). 

Proof. Given f l3.5|) . the same proof as in Theorem 13.31 yields 

that is, (G) for large time. Since M has Ricci curvature bounded from below, 
it follows from [21] that (G) also holds for small time. One concludes as 
before. □ 

Note that inequality (13. 7p is known in R n , with v = n. 
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ll/l| Lip = S ^ P ' d (x,y) 



Remark : Let the space Lip(M) be the completion of C^°(M) with 
respect to the norm 

\m-f(y)\ 

It is well-known that, if / G Lip(M), then / is differentiable almost every- 
where and 

imiLip = ii iv/i Hoc 

By the reiteration lemma (see for instance [H Proposition 2.10, p. 316]), 
inequality (13. 7p is equivalent to the embedding 

[L«,L«] flil — lip, 

where [X, Y} 9 r denotes the real interpolation space between X and Y with 
parameters 9 and r, 6 = and L q a is the completion of Cg°(M) with 
respect to the norm 

||A Q / 2 /l| g - Then it is a well-known fact (see for instance 
[5j Proposition 3.5.3] and modify it to obtain a version for homogeneous 
spaces) that 

where the Besov space A^' 9 is defined via the norm 

KHf)= r t k -nA^f\\ g ^, 

Jo z 
for k > a/2. Finally (13. 7p is equivalent to 

Af.' +1 — > Lip. 

q 

Let us finally consider the limit case q = oo in Theorem 13.31 Here, no 
upper volume bound is needed. 

Theorem 3.5. Let M satisfy (D) and (DUE). Assume 

(3.9) || |V/| ||oo < C||/||» «||A°</ 2 /||i V/ G C °°(M), 
for some a > 1. Then (E p ) holds for all p G (1, oo). 

Let us emphasize the particular case a = 2 of inequality (13. 9|) : 

(3.10) || |V/| \\l < CII/IUIIA/Hoo, V/ G C-(M). 
Proof. Substituting exp(— tA)f in (13. 9p yields 

|| |Vexp(-tA)/| |U < C||exp(-tA)/||^"||A Q / 2 exp(-tA)/|||. 
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Recall that it follows from (DUE) that the heat semigroup is analytic on 
L X (M, /x), hence by duality 

||A Q / 2 exp(-tA)/|| 00 <Cr Q / 2 ||/|| 00 . 

The heat semigroup being uniformly bounded on L°°(M, p), one obtains 

|||Vexp(-tA)/||| 00 <Cr 1 / 2 ||/|| 00 , 

that is, (Goo), or 

sup y/t / \V x p t (x,y)\ dfi(y) < oo. 
ieM,oo Jm 

It is well-known and easy to see that (Goo) together with (D) and (UE) 
implies (G) (in fact, these conditions are equivalent, because of the already- 
mentionned self- improvement of (G)). One concludes again by applying [2], 
namely Theorem 11.11 above. □ 

Next we discuss a result which does not require any assumption on the 
volume growth and which is motivated by (I3.10p . This result is contained 
in [T6], with a similar argument, in a discrete setting. For another approach 
to inequality (13.111) below, see [TUJ Section 4]. 

Proposition 3.6. For any 1 < p < oo, condition (G p ) is equivalent to : 
(3.11) |||V/|g<C||/|| p ||A/|| p , V/eQM). 

Proof. To prove that condition (13.111) implies (G p ) we modify slightly the 
argument of the proof of Theorem 13.51 Namely, we put a = 2 and replace 
L°° norm by LP norm. 

To prove the opposite direction, write 

/■oo 

V{I + tA)~ 1 = Vexp(-s(l + tA))ds. 
Jo 

Hence, for suitable /, 

POO 

|||V(/ + tA)-7||| p < / e - s |||Vexp(- s tA)/||| p( i S . 
Assuming (G p ), one obtains, for / 6 L Q (M,/i), 



|||V(/ + tA)-7||| P < C I e- s (ts)- 1/2 \\f\\ p ds 



Ct-^WfL / s-^e-'ds 



C t ^ 1 1 j 1 1 J , . 
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Hence 

|||V/||| P < C't-^\\(I + tA)f\\ p 

< c>r l / 2 (\\f\\ P + \m)f\\ P ) 
= Cr^ai/iip + tHA/y. 

Taking t = 11/llpllA/llp 1 yields ^EJ- □ 



4. Polynomial volume growth 

Theorem 4.1. Let n > 0. Suppose that M satisfies upper and lower Tri- 
dimensional Gaussian estimates 

cr»/>exp (-^) <*<*,») < Cr^exp , 

/or some C, c > 0, a// x,y £ M and t > 0. 

Let po ^ (2, oo] . T/ien £/ie following are equivalent: 



(4.1) || |V/| ||p < C M ||A*(WW/|| ff) V/ G C °°(M), 

/or some g G (l,p), p G (2,p ). 

ii) (Rp) holds for all p G (2,p ). 

Proof. Let g and p be such that 1 < q < p < oo and p > 2. According 
to [26], the following Sobolev inequality is a consequence of the upper heat 
kernel estimate : 

||/||p < tf||A*(W)/|| fl) V/gQM), 

and in particular 

HA^/llp < C7||At(W)+*/|| ff , V/ G Cg°(Af). 

Thus (i? p ) for some p > 2 implies (14.11) for all q such that 1 < q < p, and in 
particular ii) implies i). 

Conversely, observe that the heat kernel estimates imply V(x, r) ~ r n , 
Vr > 0, x G M (see [T9l Theorem 3.2]). Therefore Theorem 13.11 applies 
with v = n and shows that i) implies ii). 

□ 
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Remarks similar to those after Theorem 13.11 are in order. We add one 
more. 

Remark: According to pfl Theorem 0.4], under the assumptions of The- 
orem 14.11 there always exists a po such that ii) holds. It would be nice to 
have a proof of this fact using i). 

Again, we shall now consider the limit case p = oo of inequality (14. ip . 
We shall have to make local assumptions in order to ensure that the 
quantity 

6{t) := sup u n ^ 2 p u (x,x) = sup u n ^ 2 \\ exp(— wA) || i^oo 

0<u<t,xeA4 0<u<t 

is finite for some (all) t > 0. For instance, a local Sobolev inequality of 
dimension n is enough, since then sup gM p t (x, x) < Ct~ n / 2 , < t < 1. 
This holds for instance if dim M < n, M has Ricci curvature bounded from 
below and satisfies the matching condition to (I3.6P : mf x£ M V(x, 1) > 0. 

Theorem 4.2. Assume that M has Ricci curvature bounded from below. 
Let n6N*. Assume that 

(4.2) V(x,r) ~ r n , Vr > 0, x G M. 

Then M satisfies the heat kernel gradient estimate (G), that is 

d 2 (x,y)' 



n+l 



(4.3) \V xPt (x,y)\ <Cr— exp 



Ct 



for some C > 0, all x,y € M and t > 0, if and only if 

_ n + q n + q 

(4.4) || |V/| [|oo < C||/|| ff a " \\A^ 2 f\\r , V/ e C °°(M), 

for some (all) q G (1, oo) and some (all) a > - + 1. Moreover if ( 14.3}) 
or (14.41) holds, then M satisfies (LY), that is the upper and lower n- 
dimensional Gaussian estimates 

(4.5) ct-' 2 exp (-C^^j < Pt (x, y) < Ct^ 2 exp (- c ^M2) , 
for some C,c> 0, all x,y G M and t > 0. 



The following result is a direct consequence of Theorem 14.21 together with 
[21 Theorem 1.4], that is, Theorem 11.11 above. 
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Corollary 4.3. Assume that M has Ricci curvature bounded from below, 
and satisfies (14.21) and (I4.4j) . Then (E p ) holds for all p G (l,oo). 

Let us prepare the proof of Theorem 14.21 with two lemmas. The first one 
is reminiscent of Proposition 12.11 : it shows that a certain gradient estimate 
implies an upper bound of the heat kernel. 

Lemma 4.4. Assume that M has Ricci curvature bounded from below and 
let n > 0. Assume that, for some c > 0, 

(4.6) V{x,r)>cr n , 

for all x G M and r > 0. Next suppose that, for some q G [1, oo], 
(Qoo) |||Vexp(-tA)|||^ 00 <Cr 1 ^ 
for all t > 0. Then there exists a constant C such that 



sup p t (2,2) < c'r n/2 



for all t > 0. 



Proof. Set 9(t) = sup 0<u < t x&M u n / 2 p u (x,x) = sup 0<M < t u n / 2 \\ exp(-nA)|| 1 ^ oc . 

Remember that the curvature assumption together with the volume lower 
bound ensures the finiteness of 6(t) for all t > 0. Using (Gq j00 ) and interpo- 
lation, we can write 

|||Vexp(-2sA)|||i_^ 00 < |||Vexp(-sA)||| 9 ^ 00 || exp(-sA)||i^ 9 

n-\-q . r)\1 — 

For x G M and s > 0, define 

S n/2 p2s(x, x) 



K = K(s,x) 

For all y G B ( x, KV f 1 ), 
V. ce(s) 1 9 J 



\P2s(y,x) -p 2s {x,x)\ < d(y,x) sup \Vp 2s {z,x)\ 

< d(j/,ar)|||Vexp(-2sA)|||i- 
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therefore 

, . , , K IK K K 

V2s\V,X) > P2s(X,X) 77T = jr- 777 = 7-. 

rzs\tn 1 — yz.s\ 1 j ^ n y 2 s «,/2 ^n/2 s n/2 

Hence 

1 > / P2s(y,x)dfi(y)> / / \P2s(y,x)dn(y) 
Jm Jb x, K ^ a 



CB(s) 1 



1 K 1 , , K n+l 

> / .. . \ -z^dfi(y)>c- 



V 09(a) 1 9 / 

using (14.61) in the last inequality. Since 9 is obviously non-decreasing, we 
also have 

R n+1 



1 > C- 



C"0(2s) n(1 -^ 
that is 



K(s,x) < [ —6(2s 

hence 



i 



O „,„ ^n(l-§)\ 



l 



< f ^—6{2t) n{1 -^ N 

for < s < £. 

Taking supremum in x and s yields 

2-*- 1 0(2t)< ^(2t) n(1 ^^~ 

Since —rf 1 < 1, it follows that 9 is bounded from above, which proves 
the claim. □ 

Remark: One can write a version of the above lemma in the case where 
V(x,r) > v(r), for some doubling function v. 

The lemma below yields as a by-product a new proof of inequality f)4.4p 
in IR n . It does not require any volume growth assumption. 

Lemma 4.5. Let 1 < q < oo and n > 0. TTie following estimates are 
equivalent: 

i) 

(GU IHVexpHA)!!!^ < cr^, Vt > 0. 
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a) 

for some (all) a > ^ + 1 and all t > 0. 

iii) 

II |V/| Hoc < C\\f\\ q a * ||A a / 2 /llr , V/ e C °°(M), 
for some (all) a > - + 1, that is, (14.41) . 

Proof. We shall show that i) =^> ii) =>- iii) =>- i). 
Write 

roc 

V(I + tA)~ a/2 = / s {a/2) - l Vexp(-s(l + tA))ds. 
Jo 

Hence, for suitable /, 

POO 

|||V(/ + tA)- Q / 2 /|||oo< / S (Q/2) - 1 e- s |||Vexp(- S tA)/||| 00 ci S . 

Jo 

Assuming (G™), one obtains, for / e L q (M,fj,), 

roc 

|||V(/ + tA)- Q / 2 /|||oo < C s^- l e- s (tsr^\\f\\ q ds 

Jo 



OC 



Cr^WfL / s^-^^e- s ds 



_ n+q 

C„t 2q L i | r/ . 



since a > - + 1. 

Assume n), and write 



mv/iiu < ct- n -^\\(i+tAr /2 fi 



< G,r^(||/||, + ||(tA)«^/y 
= ct- n -^(\\f\\ q + r/ 2 \\A^f\\ q ). 

The second inequality relies on the L p -boundedness of the operator (/ + 
tA) a l 2 (I + {tA) Q ' 2 )- 1 (see [25], or use analyticity). 
Taking t = ||/||' /a ||A a / 2 /||- 2/Q yields iii). 

Finally, assume iii). Replacing / by exp(— tA)f, one obtains, by contrac- 
tivity and analyticity of the heat semigroup on L q (M,fi), 

|||Vexp(-tA)/||| 00 < C||exp(-*A)/||, - ||A Q/2 exp(-tA)/||r 



n+q n+q 

< cr a ^\\f\\ q = ct-—\ uu , r 



that is, i). □ 
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Remark: The above lemma also holds for q = 1, oo, provided the heat 
semigroup is analytic on L 1 (M, /i), which is the case, as we already said, 
if it satisfies Gaussian estimates and (D) holds. Note that, according to 
Lemma H3J this is automatic from i) under the boundedness from below of 
the Ricci curvature and (14.21) . 

Proof of Theorem \4-2\ Assume (14. 4p . By Lemma 14.5} follows, and 

by Lemma [4.41 

(4.7) sup p t (x, x) = || exp(-tA) || 1 ^ 0B < C'r n ' 2 
for all £ > 0. The Gaussian upper bound follows: 

Pt( 

for some C, c > 0, all x,y G M and t > 0. By interpolation, (14. 7p yields 

(4.8) ||exp(-tA)|| 1 ^ < Cr n{1 -« )/2 
Combining (Gq )0O ) with (14.81) yields 



t (x,y)<Ct-^e W (-%^ 



n+l 

2 



(4.9) sup \V xPt (x,y)\ = |||Vexp(-£A)||| 1 _ +00 < Cf 

x,y£M 

which together with the upper bound yields the Gaussian lower bound 

cr n/2 ex P (-^^) <Pt(x,y). 

Finally, H4.9[) self-improves into (14. 3p . 

Conversely, (14.31) obviously implies (G™ _ OQ ) and, together with the volume 
upper bound, (G^^) or, in other words, (Goo): 

sup I \V xPt (x,y)\dii(y) = |||Vexp(-tA)||| 00 ^ 00 < Cr 1/2 . 

x&M J M 

By interpolation, one obtains (Cr" ), therefore (14.41) . thanks to Lemma 
EE □ 

Remarks: 

-As a consequence of Theorem 14.21 (14.41) implies, using the results in [7] , 

1 _ n n 

ll/lloo < C||/||/-||A Q / 2 /llr, V/ e C~(M), 
for a > n/q, q G [1, oo), and, using the results in [8], 

!1 {X) L-in/i) ^ ^ll AQ/2 /L, V^eM./e C °°(M), 
[d(x,y)\ 
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for a > n/q, q G [1, oo). It would be interesting to have a direct proof of 
these two implications. 

-According to known results on Riesz transforms (see [2] for references), 
( 14.41) is true for manifolds with non-negative Ricci curvature, Lie groups with 
polynomial volume growth, cocompact coverings with polynomial volume 
growth. Again, it would be interesting to have direct proofs. 

-It would interesting to study the stability under perturbation of inequal- 
ities QO| or P~T]) . in the light of the result in [IT]- 

5. Applications 

Now we consider a uniformly elliptic operator H in divergence form acting 
on lR n , neW, that is 

n 

where G L°° for all 1 < i,j < n, and the matrix {aij(x))i<ij< n is a 
symmetric matrix with real coefficients, such that 

hj 

for some c > 0. Next let A denote the standard non- negative Laplace 
operator acting on M n . 

It follows from the above uniform ellipticity assumption and the bound- 
edness of the coefficients that 

|Vh/(x)| 2 = £ay(aOa,/(aW(s) ^ |V/(x)| 2 . 

We say that H satisfies (R p ) for some p G (1, oo)) if 

lllVH/lllp^^Hi/ 1 / 2 /^ V/6C»(l n ), 
which according to the above remark is equivalent to 

II |V/| || P < C p \\H l/2 f\\ p , V/ G CS°(R n ). 

To avoid technicalities we assume in what follows that all coefficients a^, 6y 
discussed below are smooth. However we point out that this assumption 
can be substantially relaxed. 

Recall that the Gaussian estimates do hold for e~ tH and that the above 
framework applies. 
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The assumption in our first application may be seen as some boundedness 
for the higher order Riesz transform associated with H. 

Theorem 5.1. Suppose that 

(5.1) ||A Q / 2 /IU < C\\H a ' 2 f\\ qo , V/gC ° 



for some a > 1 and 1 < go < oo. Then, if a < ^ + 1, H satisfies (R p ) for 



all p G (l,Po); where po = JL " 1 _ a , and if a > — + 1, H satisfies (R p ) for 
all p G (1, oo). 



Proof. The boundedness of the classical Riesz transform on L p (R n , dx) to- 
gether with the Sobolev inequality in W 1 imply, for 1 < q < p < oo, 

|| |V/| \\ p < C\\A^-^f\\ qo < C'\\A^f\\ e Jf\\l; e , V/ G CS°(K n ), 

as soon as a > n(— — -) + 1, 8 G (0, 1] being such that ad = — -) + 1. 
Now let a and q be such that (15.11) holds. If a > + 1, choose any p > q . 
If a < — + 1, choose »n m (do, oo) so that a = n(- -) + 1. In both cases, 

II |V/| || P0 < C\\H^f\\l\\f\\\- e , V/ G Cg°(R»), 

and (i?p) for 1 < p < p follows from Theorem 13.11 and the remarks after- 
wards. □ 

Our next application says that (R p ) also holds for small L°° fl W 1,n per- 
turbations of operators with bounded second order Riesz transform. 
To state this result we set 

H s f = Hf + eJ2d i b ij (x)d j f, 

where H = Hq is as above. We do not assume here that the matrix 
(bij(x))i<ij< n is positive definite. However we assume that 6y G L°°(IR n , dx) 
and that e is small enough so that the operator H £ is uniformly elliptic. 

Theorem 5.2. Suppose that bij G L°°(IR n , <ix) /or a// 1 < i, j < n and that 
djbij G L n (M. n , dx) for all 1 < i, j < n. Next assume that for some qo < n 



(5-2) l|A/|| tt < CJ|ffo/||», V/eCS 



x , Tn>n\ 



Then there exists 7 > such that (15.21) holds for H £ for e < 7 and so (R p ) 
holds for H £ for all e < 7 and 1 < p < pn where — + - = —. 
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Proof. Note that (15. 2p is just condition (15. ip for a = 2. We are going to 
prove that this inequality extends from H to H £ for < e < 7 and apply 
Theorem 15.11 To this purpose, it is enough to show that for some 7 > 
and for all e < 7 



(5-3) \\HJ-H f\\ po <—\\Af\\ po . 



\\H £ f-H Q f\\ PQ <- 1 

Now 



Since 

diihjdjf) = hjididjf) + (dibi^idjf), 

one may write 

Y II^Mi/IU < max U&ij-lloo Y \\ d Afho + Y I' ( d iK)( d if)Uv 
hence 

Y WiAfK 



< max Hftylloo V WdidjfWqo + V UdA^idjf)^ 

< Ti 2 max || fey || oo || ^a,- A -1 1| ,0-^,0 1 1 A/ 1| ^ + V ||di&iiUI 9 i/ll 

7. . 1 < • 



, po- 

h3 

1,3 

Here we have used the L qo boundedness of the second order Riesz trans- 
form in M. n and the Holder inequality ||/^|| go < H/llnlMlpo- 

Now recall that an inequality similar to (14. ip holds in M n , that is 

\\dif\U < C\\Af\\ qo . 

Therefore 

Y H^Mi/IU < 

i,3 

I n 2 max || &ij || 00 1| A -1 1 1 9o ^ go + max H^A -1 || 90 ^ po Y ll^iMIn I ||A/||, 

V ' i,3 J 

This yields (15. 3p with 

7 n 2 max ||6ij ||oo H^i^jA -1 || go — qo + max H^A -1 



Yj H^ylU J ~~ or 1 ' 

id J Ug ° 
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□ 

The second order Riesz transform bound f)5.2p is known for various large 
classes of operators. We discuss one instance of such class next. 

Example: Assume the coefficients aij of H are continuous and periodic 
with a common period and that Y^=i di a ij = f or 1 < 3 < n - Then 

||F/|| P ~||A/|| P , V/eC»(K"), 

for all 1 < p < oo (see [T7| Theorem 1.3],), so that H satisfies the assumption 
of Theorem 15.21 In [17], it is proved that (R p ) holds for such H, but the 
above shows that is it also holds for small L°° fl W ' n perturbations of H. 

Remark: It is interesting to compare Theorem 15.11 which proves that 
boundedness of second order Riesz transform implies boundedness of first 
order Riesz transform on a larger range on LP spaces, with the results ob- 
tained in [22]. See also [H (1.26)]. 

Acknowledgements: The authors would like to thank Professor Vladimir 
Maz'ya for interesting discussions about the proof of inequality (I4.4p in the 
Euclidean space. 

References 

[1] Auscher P., Coulhon T., Riesz transform on manifolds and Poincare inequalities, 

Ann. Sc. Norm. Sup. Pisa, (5), IV, 3, 531-555, 2005. 
[2] Auscher P., Coulhon T., Duong X.T. and Hofmann S., Riesz transform on manifolds 

and heat kernel regularity, Ann. Sc. E. N. S., 37, 911-957, 2004. 
[3] Bakry D., Etude des transformations de Riesz dans les varietes riemanniennes a 

courbure de Ricci minoree, in Seminaire de Probabilites XXI, Springer L.N. n° 1247, 

137-172, 1987. 

[4] Bennett C, Sharpley R., Interpolation of operators, Academic Press, 1988. 

[5] Butzer P.L., Behrens H., Semigroups of operators and approximation, Springer, 1967. 

[6] Carron G., Inegalites isoperimetriques de Faber-Krahn et consequences, in Actes de 

la table ronde de geometrie differentielle en Vhonneur de Marcel Berger, Collection 

SMF Seminaires et congres, no 1, 205-232, 1994. 
[7] Coulhon T., Inegalites de Gagliardo-Nirenberg pour les semi-groupes d'operateurs 

et applications, Pot. Anal., 1, 343-353, 1992. 
[8] Coulhon T., Off-diagonal heat kernel lower bounds without Poincare, J. London 

Math. Soc, 68, 3, 795-816, 2003. 
[9] Coulhon T., Duong X.T., Riesz transforms for 1 < p < 2, Trans. A. M.S., 351, 

1151-1169, 1999. 

[10] Coulhon T., Duong X.T., Riesz transform and related inequalities on noncompact 
Riemannian manifolds, Comm. Pure Appl. Math., 56, 12, 1728-1751, 2003. 



RIESZ MEETS SOBOLEV 



23 



Coulhon T., Dungey N., Riesz transform and perturbation, J. Geom. Anal. 17, 2, 
213-226, 2007. 

Coulhon T., Sikora A., Gaussian heat kernel bounds via Phragmen-Lindeldf theorem, 
Proc. London Math. Soc, 3, 96, 507-544, 2008. 

Davies E. B., Heat kernels and spectral theory, Cambridge University Press, Cam- 
bridge, 1989. 

Davies E. B., Uniformly elliptic operators with measurable coefficients, J. Funct. 
Anal, 132, 1, 141-169, 1995. 

Dungey N., Some remarks on gradient estimates for heat kernels, Abstr. Appl. Anal., 
73020, 2006. 

Dungey N., A Littlewood-Paley estimate on graphs and groups, Studia Math., 189, 
2, 113-129, 2008. 

Elst A.F.M. ter, Robinson D.W and Sikora A., On second-order periodic elliptic 
operators in divergence form, Math. Z., 238, 3, 569-637, 2001. 
Grigor'yan A., Gaussian upper bounds for the heat kernel on arbitrary manifolds, 
J. Diff. Geom., 45, 33-52, 1997. 

Grigor'yan A., Hu J. and Lau K.-S., Heat kernels on metric-measure spaces and an 
application to semi-linear elliptic equations, Trans. A. M.S., 355, 2065-2095, 2003. 
Hofmann S., Mayboroda S. and Mcintosh A., Second order elliptic operators with 
complex bounded measurable coefficients in L q , Sobolev and Hardy spaces, in prepa- 
ration. 

Li P., Yau S.T., On the parabolic kernel of the Schrodinger operator, Acta Math., 
156, 153 201, 1986. 

Mendez O., Mitrea M., Complex powers of the Neumann Laplacian in Lipschitz 
domains, Math. Nachr., 223, 77-88, 2001. 

Ouhabaz E.-M., Gaussian estimates and holomorphy of semigroups, Proc. Amer. 
Math. Soc, 123, 5, 1465-1474, 1995. 

Saloff-Coste L., Aspects of Sobolev inequalities, LMS Lecture Notes Series 289, 
Cambridge Univ. Press, 2002. 

Stein E.M., Topics in harmonic analysis related to the Littlewood-Paley theory, 
Princeton Univ. Press, Princeton, N. J., 1970. 

Varopoulos N., Une generalisation du theoreme de Hardy-Littlewood-Sobolev pour 
les espaces de Dirichlet, C.R.A.S Paris, 299, I, 651-654, 1984. 



Thierry Coulhon, Departement de Mathematiques, Universite de Cergy- 
Pontoise, Site de Saint-Martin, 2, rue Adolphe Chauvin, F 95302 Cergy- 
Pontoise Cedex, France 

E-mail address: coulhon@u-cergy.fr 

Adam Sikora, Department of Mathematics, Macquarie University, NSW 
2109, Australia 

E-mail address: adam.sikora@anu.edu.au 



